IOPSClence iopscience.iop.org

Home Search Collections Journals About Contactus My IOPscience

Transition amplitudes for time-dependent linear harmonic oscillators

This article has been downloaded from IOPscience. Please scroll down to see the full text article.
2001 J. Phys. A: Math. Gen. 34 8185
(http://iopscience.iop.org/0305-4470/34/39/316)

View the table of contents for this issue, or go to the journal homepage for more

Download details:
IP Address: 171.66.16.98
The article was downloaded on 02/06/2010 at 09:18

Please note that terms and conditions apply.



http://iopscience.iop.org/page/terms
http://iopscience.iop.org/0305-4470/34/39
http://iopscience.iop.org/0305-4470
http://iopscience.iop.org/
http://iopscience.iop.org/search
http://iopscience.iop.org/collections
http://iopscience.iop.org/journals
http://iopscience.iop.org/page/aboutioppublishing
http://iopscience.iop.org/contact
http://iopscience.iop.org/myiopscience

INSTITUTE OF PHYSICS PUBLISHING JOURNAL OF PHYSICS A: MATHEMATICAL AND GENERAL

J. Phys. A: Math. Gen. 34 (2001) 8185-8192 PII: S0305-4470(01)17539-6

Transition amplitudes for time-dependent linear
harmonic oscillators

M A Rashid! and Abubakar Mahmood?

I Mathematics Department, Ahmadu Bello University, Zaria, Nigeria
2 Applied Science Department, Kaduna Polytechnic, Kaduna, Nigeria

Received 28 September 2000, in final form 26 April 2001
Published 21 September 2001
Online at stacks.iop.org/JPhysA/34/8185

Abstract

Following standard operator techniques, we obtain the transition amplitudes for
a general time-dependent linear harmonic oscillator without using the Green
function, the calculation of which is quite difficult. Our method provides a
straightforward and manifest method for calculating these transition amplitudes.

PACS numbers: 03.65.-w, 02.30.Tb

1. Introduction

Time-dependent harmonic oscillators have been considered by many authors [1-4]. From the
physical point of view, Parker [5] applied the alpha and beta coefficients of the problem to the
cosmological creation of particles in an expanding universe. Earlier, Kanai [2] had considered
a special simple form of the time-dependent linear oscillator. However, his model was very
strongly criticized by Brittin [6] and Senitzky [7], for various reasons.

Landovitz et al, rejecting the criticism, proceeded to calculate the Green function [8] for
the general form of Kanai’s [2] model and used it to calculate the corresponding transition
amplitudes [9]. Their calculation of the Green function is quite tedious, making it difficult to
comprehend.

In this paper, we present a new technique that avoids the Green function by using standard
operators to calculate the transition amplitudes for the general simple model in a transparent
manner, anticipating that this approach will be relevant to other physical problems, including
Senitzky’s [7] complex model of the dissipative quantum mechanical oscillator.

This paper is organized as follows. In section 2, we explain the problem and obtain
the transformed operators x,(¢), p.+(¢), in terms of the non-transformed time-independent
operators x, p, and the coefficients in the ‘transition matrix’. In section 3, we calculate the
corresponding transformed creation and annihilation operators. In section 4, we derive the
recursion relations satisfied by these transition amplitudes. These recursion relations are used
in section 5 to calculate the transition amplitudes in terms of the initial one, which is then
evaluated to complete the calculation.
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2. The transformed operators x.(t), p.(t)

The Hamiltonian for the time-dependent linear harmonic oscillator is given by

P2 1 2.2
H(t)=f@) %+§g(t)mwx ()

where f(0) = g(0) = 1 gives the Hamiltonian for the time-independent situation and f () and
g(t) are real, continuous functions to make the Hamiltonian Hermitian. For easy comparison,
we have generally used the notation from [8]. Where we have used a different notation, we
shall state it explicitly.

The wave functions at arbitrary time ¢ are related to those at# = 0 through a time-dependent
transformation u(t) as

v =u@®y(x,0) (@)

where

uu' )y =u(Ou@) = 1. A3
The Schrodinger equation

., 0

ITIEW (x,0)=H (@)Y (x,1) 4)
and equation (2) give

0]

ihau (x,t) = H@)u(x,1) ®))
which, for the time-independent Hamiltonian, results in the obviously unitary ‘formal’ solution:

u(t)=ent, (6)

In general, however, equation (5) cannot be solved analytically.
We define the operator O4(t) corresponding to any operator O(t) (which may have a
manifest time dependence) by

0.(t) =u" ()0 W)u(t), O_(t) = u®)O(t)u'(1). (7

These operators satisfy the dynamic equations:

i0+ (1) = i[0+ t), H (O] + (30> (8a)
ot in at  /,
30, @) = l[H ,0-0]+ (3 0) (8b)
at in ar )

which have a slight asymmetry. Note that the operator in (85) in the commutator is H (¢), not
H_ (t) as may be expected if there were symmetry.
The operators x.(¢), p.(t) are related to x, p through a linear transformation in terms of

a () ”<’)>as

the ‘transition matrix’ <

c() d@)
xy (1) = uT(t)xu(t) =a(t)x +b(t)p (9a)
pe(t) = u' () pu(t) = c(t)x +d(1)p. (9b)
The Hamiltonian equation (8a) implies
A0 O
a(t) = - c(t) b() = - d (1) (10)

¢(t) =mw’g (t)a(t) d (1) = mw’g (1) b(1).
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Since, obviously
[x+, p+]l =[x, pl = 1R

we have
a(t)d(t) —b(t)c(t) = 1.

Solving equations (10), we obtain a, b, c, d as functions of ¢ with
a(0) =d(0) =1 b(0) = c(0) = 0.

These are then substituted in equation (9) to give the operators x..(¢), p(¢).

Note that equations (10) imply
d
7@ (Nd @) —b)c() =0

(1)

12)

(13)

which again gives equation (12), using the conditions in equation (13). The transition matrix,

thus, is unimodular for all ¢.

3. Calculation of the transformed creation and annihilation operators

The non-Hermitian creation and annihilation operators A", A are related to the Hermitian

operators x and p through

AT = ———(p +imwx)
2mhw P
i
= —(p — imwx).
N 2mhw u

The above equation can be inverted to give

h .
x=[5—(A+AD
m

p=—i |22 (A a0

The operators A, A satlsfy the commutation relation
[A,AT] = 1.

In terms of the energy eigenstates of the Hamiltonian H = H (0) given by
Hln) = (n + H)holn)

these operators have the matrix elements

m|A|n \/_(Smn 1 mlA |I’l vn+ 3mn+l

(14a)

(14b)

(15a)

(15b)

(16)

7)

(18)

Next, we compute the transformed creation and annihilation operators AI (1), A4 (t) in terms

of the elements a(¢), b(t), c(t), d(t) of the transition matrix. Indeed

A = u' (O Au@)
= m(m — imwx,)

- \/2;%[<c(t)x +d(t)p) — imw(a(t)x + b(t) p)]

= \/Zrln% |:(c(t) — imwa(t)),/ %(A +A"
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+(d(t) — imwb(1))(—1),/ @ (A — A*)}

=a()A+B)AT (19)
where .
a(t) = ! [c (1) — m*&*b (t) —imw (a (t) +d (1))] (20a)
2mw
B (1) = ! [c ) + m*@®b (1) — imw (a (t) — d (1))]. (20b)
2mw
Similarly,
AT =u' () ATu(t) = B* (1) A+ a* (1) AT (21)

which can also be derived from equation (19) by taking Hermitian adjoints of the two sides.
In terms of the notations used in [8], « and B are related to A, ; and o in that work by
i i

@) = 5 s K W B0 = ot () (22)
where .

o(t) = s (23a)

A =1—ic () @@®)+d @) +0> @) (1 —a@)d (1)) (23b)

p(t)=1+ic @) (a@®) —d @) —o’ (1) (1 —a@)d®)). (23¢)
Note that, using equations (13) in (20),

a(0) =1 B0) =0 (24)

as expected from equations (19) and (21). The quantities o (¢), A(¢) and w(¢) have complicated
t = 0 behaviour. This is the reason why we have used a different notation.
We may also check that

[A:(), AL(D)] = [a(®A+BMOAT, B*1)A +a*(1)AT]
=l = BO)

=1 (25)
using equations (20). This result could have been guessed from another equation:
[A. (), ALO]=u'[A, ATu=u"u=1. (26)
Just for completeness, we may also examine the operators
A_(t) =u () Au’ () AT ) =u@)Aut @) (27)
x_ () =d®Ox—-b@®p p- () =—c®)x+a()p. (28)

Equations (28) have been written using the inverse of the transition matrix in equation (9)
which we note is unimodular as expressed in equation (12). Thus, to obtain A_(¢), AT_(t)
from A, (1), AL(t), we have to make the replacements

at) < d(1) b(1) < —b(t)  c(t) < —c(1) (29)
which result in '
a(t) = ——[—c(t) + m20*b(t) — imw(a(t) +d(0)] = «* (1) (30a)
2mw
B(1) = ——[—c(t) — m2@*b(t) +imw(a(t) — d(6)] = —B(). (30b)
2mw
Thus
uAu'(t) = A_(t) = a* () A(t) — BH)AT (1) (3la)

uATOu ) = AT (1) = =B AW +a () AT (). (31b)
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4. Recursion relations for the transition amplitudes {m|u(t)|n)

In this section, we derive the recursion relations satisfied by the transition amplitudes
amn(t) = (m|u(t)|n) where the bras (m| are eigenstates of H(t) while the kets |n) are

eigenstates of H(0). Indeed,

(mlu(t)|n) = — (mlu@®) AT (t)|n — 1)
mlu@) AT ®u’ Ou@)n — 1)
<m|AT Ou@®)ln —1)

(m|(=B* (1) A +a(t) AN u(r)|n — 1)

Il
R

using equation (31b)

= —[(m| = B*Ou@®)u’ ) Au@®)ln = 1) + (mla() A" (Ou@®)|n - 1)]

f
1 4

= 5 Lnl = B OO @A + FOADI = 1)+ OVmlm = Tl = 1]
1

= |~ OB OV Tl = 2) = 1@ P Vatmlutoom)

+a(t)m(m — u () — 1)]

which becomes

2 n—1 % m
A +1BO) (mlu(t)n) = — a()B (@) (mlut)|n —2) + ;a(l)(m — Hu(@®)ln —1).

But, from equation (25), 1 + |ﬁ(z‘)|2 lo(£)]?. Thus, we have

(mw(t)ln):—ﬁ(t) - (mlu(®)ln —2) + 1 \/g(m—llu(f)ln—lk

a*(t) n a*(t)
A similar procedure results in another recursion relation
10
(mlu(®)|n) = () (m 2{u(t)|n) + *( ) (m = 1u(@)|n —1).

5. Calculation of the transition amplitudes

We define the coefficients B,,,(#) by means of the equation

m/2 % n/2
amn<r)=<m|u<t>|n>=~/m!n!(&) (‘3 (”) Bo (1),

a*(t) a*(1)

In terms of B,,,(t), the recursion relations in equation (32) become

1
ann(t) = _an—Z(t) + mBm—ln—l(t)

and

1
man(t) = Bm72n(t) + ﬁBmflnfl(t)-

(32a)

(32b)

(33)

(34)

(35)
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The above recursion relations are sufficient to determine all B,,,(t) and hence the transition
amplitudes, up to a constant. For this purpose, we define a generating function

G,y )= Y Bu()x"y". (36)

m,n=0

To derive the partial differential equations satisfied by G (x, y, t), we multiply equations (34)
and (35) with x™y" and add from O to co for both m and n. We shall also assume that any
B, (t) with any of the indices m or n negative gives B,,, (1) = 0. We also note that

a = m..n
¥ Gy, 0= ) mBu()x"y

m,n=0

8 [0¢]
Yoo Gy 0= Y mBu (2"

m,n=0

o0 [o¢]
xyGx,y. )= Y Bua@®x"™'y"™ = 3" By_ju i (0)x"y"

m,n=0 m,n=0
00 00
G,y )= Y Bua®x"?y" = Y By on()x"y"
m,n=0 m,n=0

[o.°] o0
YG,y, )= Y Bu(®x"y"? =Y By a()x"y".

m,n=0 m,n=0

Then, from equations (34) and (35), we derive the partial differential equations

%G(x, y, 1) = <—y + x) G(x,y,t) (37a)

1
1B(x)]
0 G( 1) ( + ! ) G( 1) (37b)
~ X, yv =\x —y X, y’
dx 18]
which can be trivially solved to obtain
G(x.y.1) = G(0,0, et /2 1/1Fbxy, (38)
The ¢-dependent function G (0, 0, ¢) is related to ago () = (0|u(#)]0). Indeed,
G(0,0, 1) = Boo(r) = ago(r) = (0lu(r)|0)

and thus
Gx,y,t)= aoo(t)e(xz—yZ)/2+(l/\,3‘)xy -
= ag(?) i (%)’+/x2’+ky2/+k(_1), "
i k=0 IB@) kil jk! .

We now compare the coefficients of x™y" in equations (36) and (40) by taking m = 2i +k,
n = 2j +k, which fix i and j as mT_k % Thus

(%)[(m+n)/2]fk(_1)(n7k)/2

B,.(t) = t . 41
(1) = ool )Xk: B[R (255 ) 1 (255 @D
Substituting for B,,,(¢) from equation (41) in (33), we arrive at

Vmln! w2 BO) "B (1) P
(1) = (mlu (1) m) = ao(0) oS Es ij(—w o (42)

PIC=SIESY
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which gives the transition amplitudes a,,,(¢) in terms of an m-, n-independent, 7-dependent
function agy (). Note that the k summation starts from 0 or 1, depending upon whether m and
n are both even or both odd, and goes up to min(m, n) in steps of 2. Also it is obvious from
the above that a,,,, (t) = 0 if [m — n| = odd integer.

To evaluate agy () = (0|u(?)|0), we put m = 0 in equation (32a) to find

18%()
a*(t)

Olu(r)|2n) = — Olu()2n —2) (43)

from which we obtain

B Clen=1@n—=3)...1 (BF®O)Y
<0|u(t)|2n>—(—1)\/ mn—2)...2 (a*(t)> (0]u(2)]0)
Jen)! (B )Y
= (—1)"% (’3 f”) (0l (1)]0). (44)
"n! a*(t)
But
(00) = 1 =Y (0lu(r)|2n) 2n]u’ (1)[0) = D [(Olu(t)|2n)|*
n=0 n=0
L em)l (B0 )
Zzznn,n, (—a*m) 1{0]u(1)[0) . (45)

The summation over ‘n’ can be performed by using the duplication for the gamma function
in the form

nil(n + 3)2%"
@n)!=TQn+1)= ——=—

JT
Cn+3) [ )
1_2 Tl |em [(0lu(1)|0)|
o\ —1/2
= [{0lu(r)|0)|? (1— - ) = [{0u(1)]0) |* | (1)]
a*(t)
1
(e 0)] = . 46
[(Olu(2)|0)| = (46)
We choose the phase of (0]u(¢)|0) such that
1
Olu(t)|0) = 47
(Olu(t)|0) = 47)

which agrees with (0]0) = 1 when ¢ = 0, in which case u(0) = 1 and «¢(0) = 1, as given in
equation (24).
Finally, then,

amn(t) = <m|u(t)|n)
min! 1 (= D)@=R22k (B (1)) =2 (B* (1)) n=h)/2
loe(1)] (20 (2)) m+m)/2 2 k(2Ey 1 (E

when |m —n| =even

(48)

0 when |m — n| = odd.

As in equation (42), the summation over k in equation (48) starts from O or 1, depending on
whether m and n are both even or both odd, and goes to min(m, n) in steps of 2.
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Whent — 0,a(t) — 1, B(t) — 0. Thus, the only k value that survives in the summation
is where ’”T_k =0= % In other words, we require m = n = k and we find that

ann (0) = (m|u(0)|n) = (min) = Sun

as expected from the orthonormality of the eigenstates of the time-independent Hamiltonian
H = H(0).

We note that, in our notation, this limit is obtainable trivially. With the notation in [8],
some analysis is needed to arrive at this limit.
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